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Spring Break Adventures: McKay’s 

http://www.mckaybooks.com  
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Overview (Afternoon) 

§  Useful nonlinearities 
§  Octupoles and detuning 
§  Discrete motion in (J,ϕ) space 

§  Difference Hamiltonian 
§  More lecturer self-indulgence 

§  Motion near half-integer tunes 
§  Contours of constant Hamiltonian (energy) 

§  Half-integer slow extraction 
§  A useful application of first-order octupole perturbation 

theory 
§  Extending to third-integer extraction 
§  Modern use: resonance island extraction at CERN 
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Useful Nonlinarities 

§  Catch-22 revisited 
§  Nonlinearities are unavoidable in accelerators 
§  Nonlinearities can correct motion – to a degree 
§  Nonlinearities add higher “order” nonlinear behavior 
§  But nonlinarities can be used for good! 
§  Octupoles introduce new first-order behavior 

This 
USPAS 
session! 
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1D Single Octupole Kick 

§  Linear 1D lattice with single octupole kick 

M = I cos(2⇡Q0) + J sin(2⇡Q0)
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inverse Floquet transformation, book Equation 3.22 
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1D Single Octupole Detuning and Resonances 

§  Use the normalized phase space figure (using similar 
triangles) or Hamiltonians to show that 

§  Useful (?) trick: 

Amplitude-dependent detuning: 
doesn’t depend on phase! 
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Resonant driving: periodic in 
betatron phase 

binomial expansion 
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Octupole Detuning Amplitude Dependence 

§       is an additional phase advance every turn 
§  Dependent on amplitude a but not dependent on phase 

§  This is fundamentally a shift in the tune 
§  Base (small-amplitude) tune is defined to be Q0 
§  Tune of particles at amplitude a from octupoles is 

§  Nicely first order in octupole strength 
§  Turns out to be first order for quadrupoles, octupoles, 

dodecapoles, ... (you can see the pattern; dodecapole homework) 
•  (Second order in nonlinearity strength for sextupoles, decapoles, ...) 
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Q = Q0 +
3

16⇡
ga2

<latexit sha1_base64="gmP3wZgezNhlR4Ogtsc/xK3Ysbs=">AAACGHicdVDJSgNBEO2JW4zbqMdcGoMgCGEmxqgHIeDFYwJmgSSGnk5N0qRnobsnEIY5+Bv+gFf9A2/i1Zs/4HfYWYRE9EHB470qquo5IWdSWdankVpZXVvfSG9mtrZ3dvfM/YO6DCJBoUYDHoimQyRw5kNNMcWhGQognsOh4QxvJn5jBEKywL9T4xA6Hun7zGWUKC11zWz1utq1TtuuIDQ+S2K71A5ZgvuY3Be6Zs7KW1PgBXJu2VclG9tzJYfmqHTNr3YvoJEHvqKcSNmyrVB1YiIUoxySTDuSEBI6JH1oaeoTD2Qnnj6R4GOt9LAbCF2+wlN1cSImnpRjz9GdHlED+dubiH95rUi5l52Y+WGkwKezRW7EsQrwJBHcYwKo4mNNCBVM34rpgOg8lM5tacsA+AhUktHB/HyP/yf1Qt628na1mCsX5xGlURYdoRNkowtURreogmqIogf0hJ7Ri/FovBpvxvusNWXMZw7REoyPb0gonyA=</latexit><latexit sha1_base64="gmP3wZgezNhlR4Ogtsc/xK3Ysbs=">AAACGHicdVDJSgNBEO2JW4zbqMdcGoMgCGEmxqgHIeDFYwJmgSSGnk5N0qRnobsnEIY5+Bv+gFf9A2/i1Zs/4HfYWYRE9EHB470qquo5IWdSWdankVpZXVvfSG9mtrZ3dvfM/YO6DCJBoUYDHoimQyRw5kNNMcWhGQognsOh4QxvJn5jBEKywL9T4xA6Hun7zGWUKC11zWz1utq1TtuuIDQ+S2K71A5ZgvuY3Be6Zs7KW1PgBXJu2VclG9tzJYfmqHTNr3YvoJEHvqKcSNmyrVB1YiIUoxySTDuSEBI6JH1oaeoTD2Qnnj6R4GOt9LAbCF2+wlN1cSImnpRjz9GdHlED+dubiH95rUi5l52Y+WGkwKezRW7EsQrwJBHcYwKo4mNNCBVM34rpgOg8lM5tacsA+AhUktHB/HyP/yf1Qt628na1mCsX5xGlURYdoRNkowtURreogmqIogf0hJ7Ri/FovBpvxvusNWXMZw7REoyPb0gonyA=</latexit><latexit sha1_base64="gmP3wZgezNhlR4Ogtsc/xK3Ysbs=">AAACGHicdVDJSgNBEO2JW4zbqMdcGoMgCGEmxqgHIeDFYwJmgSSGnk5N0qRnobsnEIY5+Bv+gFf9A2/i1Zs/4HfYWYRE9EHB470qquo5IWdSWdankVpZXVvfSG9mtrZ3dvfM/YO6DCJBoUYDHoimQyRw5kNNMcWhGQognsOh4QxvJn5jBEKywL9T4xA6Hun7zGWUKC11zWz1utq1TtuuIDQ+S2K71A5ZgvuY3Be6Zs7KW1PgBXJu2VclG9tzJYfmqHTNr3YvoJEHvqKcSNmyrVB1YiIUoxySTDuSEBI6JH1oaeoTD2Qnnj6R4GOt9LAbCF2+wlN1cSImnpRjz9GdHlED+dubiH95rUi5l52Y+WGkwKezRW7EsQrwJBHcYwKo4mNNCBVM34rpgOg8lM5tacsA+AhUktHB/HyP/yf1Qt628na1mCsX5xGlURYdoRNkowtURreogmqIogf0hJ7Ri/FovBpvxvusNWXMZw7REoyPb0gonyA=</latexit><latexit sha1_base64="gmP3wZgezNhlR4Ogtsc/xK3Ysbs=">AAACGHicdVDJSgNBEO2JW4zbqMdcGoMgCGEmxqgHIeDFYwJmgSSGnk5N0qRnobsnEIY5+Bv+gFf9A2/i1Zs/4HfYWYRE9EHB470qquo5IWdSWdankVpZXVvfSG9mtrZ3dvfM/YO6DCJBoUYDHoimQyRw5kNNMcWhGQognsOh4QxvJn5jBEKywL9T4xA6Hun7zGWUKC11zWz1utq1TtuuIDQ+S2K71A5ZgvuY3Be6Zs7KW1PgBXJu2VclG9tzJYfmqHTNr3YvoJEHvqKcSNmyrVB1YiIUoxySTDuSEBI6JH1oaeoTD2Qnnj6R4GOt9LAbCF2+wlN1cSImnpRjz9GdHlED+dubiH95rUi5l52Y+WGkwKezRW7EsQrwJBHcYwKo4mNNCBVM34rpgOg8lM5tacsA+AhUktHB/HyP/yf1Qt628na1mCsX5xGlURYdoRNkowtURreogmqIogf0hJ7Ri/FovBpvxvusNWXMZw7REoyPb0gonyA=</latexit>

g
<latexit sha1_base64="ohV86FqGe417chck/GLAtPvfkbQ=">AAAB/HicdVDJSgNBEO2JW4xb1KOXxiB4CjMSt1vAi8cEzALJEHo6NUmTnoXumkAY4g941T/wJl79F3/A77CTjJCIPih4vFdFVT0vlkKjbX9aubX1jc2t/HZhZ3dv/6B4eNTUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q381tjUFpE4QNOYnADNgiFLzhDI9UHvWLJLttz0CVyaTu3Vw51MqVEMtR6xa9uP+JJACFyybTuOHaMbsoUCi5hWugmGmLGR2wAHUNDFoB20/mhU3pmlD71I2UqRDpXlydSFmg9CTzTGTAc6t/eTPzL6yTo37ipCOMEIeSLRX4iKUZ09jXtCwUc5cQQxpUwt1I+ZIpxNNmsbBmCHANOCyaYn+/p/6R5UXbsslOvlKqVLKI8OSGn5Jw45JpUyT2pkQbhBMgTeSYv1qP1ar1Z74vWnJXNHJMVWB/fBj2Vag==</latexit><latexit sha1_base64="ohV86FqGe417chck/GLAtPvfkbQ=">AAAB/HicdVDJSgNBEO2JW4xb1KOXxiB4CjMSt1vAi8cEzALJEHo6NUmTnoXumkAY4g941T/wJl79F3/A77CTjJCIPih4vFdFVT0vlkKjbX9aubX1jc2t/HZhZ3dv/6B4eNTUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q381tjUFpE4QNOYnADNgiFLzhDI9UHvWLJLttz0CVyaTu3Vw51MqVEMtR6xa9uP+JJACFyybTuOHaMbsoUCi5hWugmGmLGR2wAHUNDFoB20/mhU3pmlD71I2UqRDpXlydSFmg9CTzTGTAc6t/eTPzL6yTo37ipCOMEIeSLRX4iKUZ09jXtCwUc5cQQxpUwt1I+ZIpxNNmsbBmCHANOCyaYn+/p/6R5UXbsslOvlKqVLKI8OSGn5Jw45JpUyT2pkQbhBMgTeSYv1qP1ar1Z74vWnJXNHJMVWB/fBj2Vag==</latexit><latexit sha1_base64="ohV86FqGe417chck/GLAtPvfkbQ=">AAAB/HicdVDJSgNBEO2JW4xb1KOXxiB4CjMSt1vAi8cEzALJEHo6NUmTnoXumkAY4g941T/wJl79F3/A77CTjJCIPih4vFdFVT0vlkKjbX9aubX1jc2t/HZhZ3dv/6B4eNTUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q381tjUFpE4QNOYnADNgiFLzhDI9UHvWLJLttz0CVyaTu3Vw51MqVEMtR6xa9uP+JJACFyybTuOHaMbsoUCi5hWugmGmLGR2wAHUNDFoB20/mhU3pmlD71I2UqRDpXlydSFmg9CTzTGTAc6t/eTPzL6yTo37ipCOMEIeSLRX4iKUZ09jXtCwUc5cQQxpUwt1I+ZIpxNNmsbBmCHANOCyaYn+/p/6R5UXbsslOvlKqVLKI8OSGn5Jw45JpUyT2pkQbhBMgTeSYv1qP1ar1Z74vWnJXNHJMVWB/fBj2Vag==</latexit><latexit sha1_base64="ohV86FqGe417chck/GLAtPvfkbQ=">AAAB/HicdVDJSgNBEO2JW4xb1KOXxiB4CjMSt1vAi8cEzALJEHo6NUmTnoXumkAY4g941T/wJl79F3/A77CTjJCIPih4vFdFVT0vlkKjbX9aubX1jc2t/HZhZ3dv/6B4eNTUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q381tjUFpE4QNOYnADNgiFLzhDI9UHvWLJLttz0CVyaTu3Vw51MqVEMtR6xa9uP+JJACFyybTuOHaMbsoUCi5hWugmGmLGR2wAHUNDFoB20/mhU3pmlD71I2UqRDpXlydSFmg9CTzTGTAc6t/eTPzL6yTo37ipCOMEIeSLRX4iKUZ09jXtCwUc5cQQxpUwt1I+ZIpxNNmsbBmCHANOCyaYn+/p/6R5UXbsslOvlKqVLKI8OSGn5Jw45JpUyT2pkQbhBMgTeSYv1qP1ar1Z74vWnJXNHJMVWB/fBj2Vag==</latexit>



T. Satogata / January 2019          USPAS Accelerator Physics 8 

10.2: Discrete Motion in (J,ϕ) Space 

§  Using action-angle space where 

§  We can work out the general behavior in action along 
with phase to find general time evolution for well-
behaved particles: 

J ⌘ a2/2
<latexit sha1_base64="sCXZd/0LZz6MTevCiPPU+P5WQJY=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTOERJckbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWPvxk1EEMUIAV8E9WJJMaSzBmhXKOAoJ4YwroT5lfIBU4yj6WkpZQByDDjNmWKc1RrWSb1UdOyi81AuVMppRVlyRs7JJXHINamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL43+Zpw==</latexit><latexit sha1_base64="sCXZd/0LZz6MTevCiPPU+P5WQJY=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTOERJckbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWPvxk1EEMUIAV8E9WJJMaSzBmhXKOAoJ4YwroT5lfIBU4yj6WkpZQByDDjNmWKc1RrWSb1UdOyi81AuVMppRVlyRs7JJXHINamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL43+Zpw==</latexit><latexit sha1_base64="sCXZd/0LZz6MTevCiPPU+P5WQJY=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTOERJckbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWPvxk1EEMUIAV8E9WJJMaSzBmhXKOAoJ4YwroT5lfIBU4yj6WkpZQByDDjNmWKc1RrWSb1UdOyi81AuVMppRVlyRs7JJXHINamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL43+Zpw==</latexit><latexit sha1_base64="sCXZd/0LZz6MTevCiPPU+P5WQJY=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTOERJckbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWPvxk1EEMUIAV8E9WJJMaSzBmhXKOAoJ4YwroT5lfIBU4yj6WkpZQByDDjNmWKc1RrWSb1UdOyi81AuVMppRVlyRs7JJXHINamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL43+Zpw==</latexit>

Q = Q0 +
3

8⇡
gJ

<latexit sha1_base64="AZ5bVRCiFT2/XuZdWRXDKzOczcU=">AAACFXicbZDLSsNAFIYn9VbrLepGcDNYBEEoiRbsRii4EVct2As0pUymJ+3QyYWZSaGE+Bq+gFt9A3fi1rUv4HM4bbOwrT8M/PznHM6Zz404k8qyvo3c2vrG5lZ+u7Czu7d/YB4eNWUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDett8YgJAuDRzWJoOuTQcA8RonSUc88qd/We9al4wlCk+s0qTgRS/EAP/TMolWyZsKrxs5MEWWq9cwfpx/S2IdAUU6k7NhWpLoJEYpRDmnBiSVEhI7IADraBsQH2U1mP0jxuU762AuFfoHCs/TvREJ8KSe+qzt9ooZyuTYN/6t1YuVVugkLolhBQOeLvJhjFeIpDtxnAqjiE20IFUzfiumQaBhKQ1vYMgQ+BpUWNBh7GcOqaV6VbKtk18vFajlDlEen6AxdIBvdoCq6RzXUQBQ9oRf0it6MZ+Pd+DA+5605I5s5Rgsyvn4BSnGeFg==</latexit><latexit sha1_base64="AZ5bVRCiFT2/XuZdWRXDKzOczcU=">AAACFXicbZDLSsNAFIYn9VbrLepGcDNYBEEoiRbsRii4EVct2As0pUymJ+3QyYWZSaGE+Bq+gFt9A3fi1rUv4HM4bbOwrT8M/PznHM6Zz404k8qyvo3c2vrG5lZ+u7Czu7d/YB4eNWUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDett8YgJAuDRzWJoOuTQcA8RonSUc88qd/We9al4wlCk+s0qTgRS/EAP/TMolWyZsKrxs5MEWWq9cwfpx/S2IdAUU6k7NhWpLoJEYpRDmnBiSVEhI7IADraBsQH2U1mP0jxuU762AuFfoHCs/TvREJ8KSe+qzt9ooZyuTYN/6t1YuVVugkLolhBQOeLvJhjFeIpDtxnAqjiE20IFUzfiumQaBhKQ1vYMgQ+BpUWNBh7GcOqaV6VbKtk18vFajlDlEen6AxdIBvdoCq6RzXUQBQ9oRf0it6MZ+Pd+DA+5605I5s5Rgsyvn4BSnGeFg==</latexit><latexit sha1_base64="AZ5bVRCiFT2/XuZdWRXDKzOczcU=">AAACFXicbZDLSsNAFIYn9VbrLepGcDNYBEEoiRbsRii4EVct2As0pUymJ+3QyYWZSaGE+Bq+gFt9A3fi1rUv4HM4bbOwrT8M/PznHM6Zz404k8qyvo3c2vrG5lZ+u7Czu7d/YB4eNWUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDett8YgJAuDRzWJoOuTQcA8RonSUc88qd/We9al4wlCk+s0qTgRS/EAP/TMolWyZsKrxs5MEWWq9cwfpx/S2IdAUU6k7NhWpLoJEYpRDmnBiSVEhI7IADraBsQH2U1mP0jxuU762AuFfoHCs/TvREJ8KSe+qzt9ooZyuTYN/6t1YuVVugkLolhBQOeLvJhjFeIpDtxnAqjiE20IFUzfiumQaBhKQ1vYMgQ+BpUWNBh7GcOqaV6VbKtk18vFajlDlEen6AxdIBvdoCq6RzXUQBQ9oRf0it6MZ+Pd+DA+5605I5s5Rgsyvn4BSnGeFg==</latexit><latexit sha1_base64="AZ5bVRCiFT2/XuZdWRXDKzOczcU=">AAACFXicbZDLSsNAFIYn9VbrLepGcDNYBEEoiRbsRii4EVct2As0pUymJ+3QyYWZSaGE+Bq+gFt9A3fi1rUv4HM4bbOwrT8M/PznHM6Zz404k8qyvo3c2vrG5lZ+u7Czu7d/YB4eNWUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13dDett8YgJAuDRzWJoOuTQcA8RonSUc88qd/We9al4wlCk+s0qTgRS/EAP/TMolWyZsKrxs5MEWWq9cwfpx/S2IdAUU6k7NhWpLoJEYpRDmnBiSVEhI7IADraBsQH2U1mP0jxuU762AuFfoHCs/TvREJ8KSe+qzt9ooZyuTYN/6t1YuVVugkLolhBQOeLvJhjFeIpDtxnAqjiE20IFUzfiumQaBhKQ1vYMgQ+BpUWNBh7GcOqaV6VbKtk18vFajlDlEen6AxdIBvdoCq6RzXUQBQ9oRf0it6MZ+Pd+DA+5605I5s5Rgsyvn4BSnGeFg==</latexit>

uk, vk,�k, ✓k depend on nonlinearities

<latexit sha1_base64="qLCsF8i9fAqK/llbl0g4W0eustE="></latexit><latexit sha1_base64="qLCsF8i9fAqK/llbl0g4W0eustE="></latexit><latexit sha1_base64="qLCsF8i9fAqK/llbl0g4W0eustE="></latexit><latexit sha1_base64="qLCsF8i9fAqK/llbl0g4W0eustE="></latexit>

J no longer constant

<latexit sha1_base64="UJSORiC0VbNRzYIROGAQSslMbKE=">AAACF3icbVDLSgNBEJz1GeMr6k0vg0HwFHYloEfBi3iKYB6QhDA76SRDZmeWmV4hLAn+hj/gVf/Am3j16A/4HU4eB5NY0FBUddPdFcZSWPT9b29ldW19YzOzld3e2d3bzx0cVqxODIcy11KbWsgsSKGgjAIl1GIDLAolVMP+zdivPoKxQqsHHMTQjFhXiY7gDJ3Uyh3fjdKGiajSI6lVF8yIa2WRKRy2cnm/4E9Al0kwI3kyQ6mV+2m0NU8iUMgls7Ye+DE2U2ZQcAnDbCOxEDPeZ12oO6pYBLaZTn4Y0jOntGlHG1cK6UT9O5GyyNpBFLrOiGHPLnpj8T+vnmDnqpkKFScIik8XdRJJUdNxILQtDHCUA0cYN8LdSnmPGcbRxTa3pQfyEXCYdcEEizEsk8pFIfALwX0xf12cRZQhJ+SUnJOAXJJrcktKpEw4eSIv5JW8ec/eu/fhfU5bV7zZzBGZg/f1Cz4AoP0=</latexit><latexit sha1_base64="UJSORiC0VbNRzYIROGAQSslMbKE=">AAACF3icbVDLSgNBEJz1GeMr6k0vg0HwFHYloEfBi3iKYB6QhDA76SRDZmeWmV4hLAn+hj/gVf/Am3j16A/4HU4eB5NY0FBUddPdFcZSWPT9b29ldW19YzOzld3e2d3bzx0cVqxODIcy11KbWsgsSKGgjAIl1GIDLAolVMP+zdivPoKxQqsHHMTQjFhXiY7gDJ3Uyh3fjdKGiajSI6lVF8yIa2WRKRy2cnm/4E9Al0kwI3kyQ6mV+2m0NU8iUMgls7Ye+DE2U2ZQcAnDbCOxEDPeZ12oO6pYBLaZTn4Y0jOntGlHG1cK6UT9O5GyyNpBFLrOiGHPLnpj8T+vnmDnqpkKFScIik8XdRJJUdNxILQtDHCUA0cYN8LdSnmPGcbRxTa3pQfyEXCYdcEEizEsk8pFIfALwX0xf12cRZQhJ+SUnJOAXJJrcktKpEw4eSIv5JW8ec/eu/fhfU5bV7zZzBGZg/f1Cz4AoP0=</latexit><latexit sha1_base64="UJSORiC0VbNRzYIROGAQSslMbKE=">AAACF3icbVDLSgNBEJz1GeMr6k0vg0HwFHYloEfBi3iKYB6QhDA76SRDZmeWmV4hLAn+hj/gVf/Am3j16A/4HU4eB5NY0FBUddPdFcZSWPT9b29ldW19YzOzld3e2d3bzx0cVqxODIcy11KbWsgsSKGgjAIl1GIDLAolVMP+zdivPoKxQqsHHMTQjFhXiY7gDJ3Uyh3fjdKGiajSI6lVF8yIa2WRKRy2cnm/4E9Al0kwI3kyQ6mV+2m0NU8iUMgls7Ye+DE2U2ZQcAnDbCOxEDPeZ12oO6pYBLaZTn4Y0jOntGlHG1cK6UT9O5GyyNpBFLrOiGHPLnpj8T+vnmDnqpkKFScIik8XdRJJUdNxILQtDHCUA0cYN8LdSnmPGcbRxTa3pQfyEXCYdcEEizEsk8pFIfALwX0xf12cRZQhJ+SUnJOAXJJrcktKpEw4eSIv5JW8ec/eu/fhfU5bV7zZzBGZg/f1Cz4AoP0=</latexit><latexit sha1_base64="UJSORiC0VbNRzYIROGAQSslMbKE=">AAACF3icbVDLSgNBEJz1GeMr6k0vg0HwFHYloEfBi3iKYB6QhDA76SRDZmeWmV4hLAn+hj/gVf/Am3j16A/4HU4eB5NY0FBUddPdFcZSWPT9b29ldW19YzOzld3e2d3bzx0cVqxODIcy11KbWsgsSKGgjAIl1GIDLAolVMP+zdivPoKxQqsHHMTQjFhXiY7gDJ3Uyh3fjdKGiajSI6lVF8yIa2WRKRy2cnm/4E9Al0kwI3kyQ6mV+2m0NU8iUMgls7Ye+DE2U2ZQcAnDbCOxEDPeZ12oO6pYBLaZTn4Y0jOntGlHG1cK6UT9O5GyyNpBFLrOiGHPLnpj8T+vnmDnqpkKFScIik8XdRJJUdNxILQtDHCUA0cYN8LdSnmPGcbRxTa3pQfyEXCYdcEEizEsk8pFIfALwX0xf12cRZQhJ+SUnJOAXJJrcktKpEw4eSIv5JW8ec/eu/fhfU5bV7zZzBGZg/f1Cz4AoP0=</latexit>
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10.2: Discrete Motion in (J,ϕ) Space 

§  Recall Steve’s comments on “smear”, and Collins 
distortion functions (T.L. Collins, FNAL report 84/114) 

KAM surfaces 

Pendulum-like 
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What is Really Happening Here? 

§  Tune varies with amplitude 
depending on nonlinearity 

§  When Q0 is near resonance, 
particles with amplitude 
aresonance have resonant tunes 

Q = Q0 +
3

8⇡
gJ for octupoles

<latexit sha1_base64="d8gRbmwg2HDKhOdJZWzV9GIY+UI="></latexit><latexit sha1_base64="d8gRbmwg2HDKhOdJZWzV9GIY+UI="></latexit><latexit sha1_base64="d8gRbmwg2HDKhOdJZWzV9GIY+UI="></latexit><latexit sha1_base64="d8gRbmwg2HDKhOdJZWzV9GIY+UI="></latexit>

Amplitude a 

Tu
ne

 Q
 

Q0=n/m+δQ 

Q=n/m 

aresonance 

J ⌘ a2/2
<latexit sha1_base64="Cn2xUDdK15LVyOf7w5dJxosdALQ=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTPERJYkbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWOv7CYiiGKEgC+CerGkGNJZA7QrFHCUE0MYV8L8SvmAKcbR9LSUMgA5BpzmTDHOag3rpF4qOnbRebguVMppRVlyRs7JJXHIDamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL5LOZqw==</latexit><latexit sha1_base64="Cn2xUDdK15LVyOf7w5dJxosdALQ=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTPERJYkbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWOv7CYiiGKEgC+CerGkGNJZA7QrFHCUE0MYV8L8SvmAKcbR9LSUMgA5BpzmTDHOag3rpF4qOnbRebguVMppRVlyRs7JJXHIDamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL5LOZqw==</latexit><latexit sha1_base64="Cn2xUDdK15LVyOf7w5dJxosdALQ=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTPERJYkbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWOv7CYiiGKEgC+CerGkGNJZA7QrFHCUE0MYV8L8SvmAKcbR9LSUMgA5BpzmTDHOag3rpF4qOnbRebguVMppRVlyRs7JJXHIDamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL5LOZqw==</latexit><latexit sha1_base64="Cn2xUDdK15LVyOf7w5dJxosdALQ=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxhTPERJYkbowrTOSTwEh6mgd06PnQ/YaETLiAF3CrN3Bn3HoLL+A5bGAWAlbykkrVe6mX8iIpNNr2t5XZ2Nza3snu5vb2Dw6P8scndR3GikONhzJUTY9pkCKAGgqU0IwUMN+T0PCGtzO/MQalRRg84iQC12f9QPQEZ2gk974No1iMKXsqXZU6+YJdtOeg68RJSYGkqHbyP+1uyGMfAuSSad1y7AjdhCkUXMI01441RIwPWR9ahgbMB+0m86en9MIoXdoLlZkA6Vz9e5EwX+uJ75lNn+FAr3oz8T+vFWOv7CYiiGKEgC+CerGkGNJZA7QrFHCUE0MYV8L8SvmAKcbR9LSUMgA5BpzmTDHOag3rpF4qOnbRebguVMppRVlyRs7JJXHIDamQO1IlNcLJiLyQV/JmPVvv1of1uVjNWOnNKVmC9fUL5LOZqw==</latexit>

g>0 

g<0 

Small amplitude particles: 
Q0=n/m+δQ – not resonant 

aresonance amplitude particles: 
Q=n/m=2/5 here: resonant 

Large amplitude particles: 
tune curved below n/m, 
not resonant 
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One-Turn Discrete “Hamiltonian” 

§  KAM surfaces suggest that we can write a “conserved” 
quantity and apply Hamiltonian dynamics to our 
discrete dynamical system 

§  Here H1 is a “one-turn” discrete Hamiltonian. More 
generally we can include all nonlinearities: 

�� =
@H1

@J
�J = �@H1

@�
<latexit sha1_base64="yNuKXUaRgKvyQzGJX72m5IUL0ao="></latexit><latexit sha1_base64="yNuKXUaRgKvyQzGJX72m5IUL0ao="></latexit><latexit sha1_base64="yNuKXUaRgKvyQzGJX72m5IUL0ao="></latexit><latexit sha1_base64="yNuKXUaRgKvyQzGJX72m5IUL0ao="></latexit>

Amplitude� dependent detuning when k = l = 0, i and/or j 6= 0

<latexit sha1_base64="2OryzzIC27A0dagMzUjpr68F0pQ="></latexit><latexit sha1_base64="2OryzzIC27A0dagMzUjpr68F0pQ="></latexit><latexit sha1_base64="2OryzzIC27A0dagMzUjpr68F0pQ="></latexit><latexit sha1_base64="2OryzzIC27A0dagMzUjpr68F0pQ="></latexit>
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Motion Near Half-Integer Tunes 

§  One-turn maps from the one-turn “Hamiltonian” are 
still pretty jumpy 
§  The fractional part of the tunes can be big even if 

everything else is perturbatively small 
§  But we can integrate the above equation and 

handwave an “N-turn” map 
§  Near Q=k/N values, the phase advance is nearly 2π 
§  All motion in N turns becomes perturbatively small 
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Motion Near Half-Integer Tunes 

Q =
1

2
+ �Q �Q ⌧ 1

<latexit sha1_base64="0Q6Mfo2562wHn79xRv+Nph2CEqk=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAIglBmSkE3QsGNyxbsBTqlZNIzbWjmQnKmUIbxEXwNX8CtvoE7EVy58zlML4K3HwJ//nMOJ/m8WAqNtv1m5VZW19Y38puFre2d3b3i/kFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfHVrN6egNIiCm9wGkMvYMNQ+IIzNFG/eNq4dH3FeOpkaSU7cwcgkdHG7UxfF1dK6vSLJbtsz0X/GmdpSmSper/44Q4ingQQIpdM665jx9hLmULBJWQFN9EQMz5mQ+gaG7IAdC+d/yijJyYZUD9S5oRI5+n3iZQFWk8Dz3QGDEf6d20W/lfrJuhf9FIRxglCyBeL/ERSjOgMDx0IBRzl1BjGlTBvpXzEDCA0EH9sGYGcAGYFA8b5jeGvaVXKjl12GtVSrbpElCdH5JicEoeckxq5JnXSJJzckQfySJ6se+vZerFeF605azlzSH7Iev8E7g6lUQ==</latexit><latexit sha1_base64="0Q6Mfo2562wHn79xRv+Nph2CEqk=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAIglBmSkE3QsGNyxbsBTqlZNIzbWjmQnKmUIbxEXwNX8CtvoE7EVy58zlML4K3HwJ//nMOJ/m8WAqNtv1m5VZW19Y38puFre2d3b3i/kFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfHVrN6egNIiCm9wGkMvYMNQ+IIzNFG/eNq4dH3FeOpkaSU7cwcgkdHG7UxfF1dK6vSLJbtsz0X/GmdpSmSper/44Q4ingQQIpdM665jx9hLmULBJWQFN9EQMz5mQ+gaG7IAdC+d/yijJyYZUD9S5oRI5+n3iZQFWk8Dz3QGDEf6d20W/lfrJuhf9FIRxglCyBeL/ERSjOgMDx0IBRzl1BjGlTBvpXzEDCA0EH9sGYGcAGYFA8b5jeGvaVXKjl12GtVSrbpElCdH5JicEoeckxq5JnXSJJzckQfySJ6se+vZerFeF605azlzSH7Iev8E7g6lUQ==</latexit><latexit sha1_base64="0Q6Mfo2562wHn79xRv+Nph2CEqk=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAIglBmSkE3QsGNyxbsBTqlZNIzbWjmQnKmUIbxEXwNX8CtvoE7EVy58zlML4K3HwJ//nMOJ/m8WAqNtv1m5VZW19Y38puFre2d3b3i/kFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfHVrN6egNIiCm9wGkMvYMNQ+IIzNFG/eNq4dH3FeOpkaSU7cwcgkdHG7UxfF1dK6vSLJbtsz0X/GmdpSmSper/44Q4ingQQIpdM665jx9hLmULBJWQFN9EQMz5mQ+gaG7IAdC+d/yijJyYZUD9S5oRI5+n3iZQFWk8Dz3QGDEf6d20W/lfrJuhf9FIRxglCyBeL/ERSjOgMDx0IBRzl1BjGlTBvpXzEDCA0EH9sGYGcAGYFA8b5jeGvaVXKjl12GtVSrbpElCdH5JicEoeckxq5JnXSJJzckQfySJ6se+vZerFeF605azlzSH7Iev8E7g6lUQ==</latexit><latexit sha1_base64="0Q6Mfo2562wHn79xRv+Nph2CEqk=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAIglBmSkE3QsGNyxbsBTqlZNIzbWjmQnKmUIbxEXwNX8CtvoE7EVy58zlML4K3HwJ//nMOJ/m8WAqNtv1m5VZW19Y38puFre2d3b3i/kFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfHVrN6egNIiCm9wGkMvYMNQ+IIzNFG/eNq4dH3FeOpkaSU7cwcgkdHG7UxfF1dK6vSLJbtsz0X/GmdpSmSper/44Q4ingQQIpdM665jx9hLmULBJWQFN9EQMz5mQ+gaG7IAdC+d/yijJyYZUD9S5oRI5+n3iZQFWk8Dz3QGDEf6d20W/lfrJuhf9FIRxglCyBeL/ERSjOgMDx0IBRzl1BjGlTBvpXzEDCA0EH9sGYGcAGYFA8b5jeGvaVXKjl12GtVSrbpElCdH5JicEoeckxq5JnXSJJzckQfySJ6se+vZerFeF605azlzSH7Iev8E7g6lUQ==</latexit>

Tune difference 
from 1/2 

Half-integer 
resonance 
driving 

octupole 
amplitude 
dependent 
detuning 

Quarter-integer 
resonance 
driving 
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Motion Near Half-Integer Tunes: Figs 10.3-4 

Can be used for slow extraction 
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Entire USPAS courses on injection/extraction 
§  http://uspas.fnal.gov/programs/2017/niu/courses/injection-extraction.shtml 

§  http://uspas.fnal.gov/materials/17NIU/niu-injection-and-extraction.shtml  
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Half-Integer Slow Extraction 
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Resonance Islands Revisited 

§  Todd’s dissertation: E778 
in the Fermilab Tevatron 

§  5th order resonance 
islands driven to “second 
order” in sextupole 
strength 

§  Modern usage: 
resonance island 
extraction at CERN 
(Gioavanozzi slides) 


