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USPAS Accelerator Physics 2024
Hampton VA / Northern Illinois University

Lattice Examples
(or putting much of the week together)

(or Stupid Lattice Tricks)

Todd Satogata (Jefferson Lab and ODU) / satogata@jlab.org
Steve Peggs (BNL) / peggs@bnl.gov

Medani Sangroula (BNL) / msangroul@bnl.gov and Alex Coxe / alexcoxe@jlab.org
http://www.toddsatogata.net/2024-USPAS

Happy Birthday to Polykarp Kusch (Nobel 1955; EDM), Paul Newman, and Wayne Gretzky!
Happy National Peanut Brittle Day, National Spouses Day, and Dental Drill Appreciation Day! 
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Entire Courses Also Taught On Lattice Design
§ https://casa.jlab.org/publications/USPAS_Jan_2018.html

https://casa.jlab.org/publications/USPAS_Jan_2018.html
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Overview (Morning): Mostly 1D and 1D+

§ Review: Linear optics, matrices, Twiss parameters
§ Easing in: Two-bumps and three-bumps (homework)

§ Dipole-Free Transverse Lattices
§ Review: FODO cell, without dipoles
§ Periodic triplet cell
§ π/2 and imaging insertions
§ Coupling (Mobius) insertion
§ Low-beta insertions (collision point, ion stripping, ...)

§ Review: Dispersion
§ Bending Transverse Lattices (FODO)

§ Review: FODO cell, with dipoles
§ FODO cell dispersion suppressors
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Overview (Afternoon): 1D+ and 2-3D+

§ Localizing Dispersion: Achromats
§ Achromatic doglegs/chicanes
§ Bunch compressors
§ Double bend achromat
§ Triple bend achromat
§ (MAX-IV multi-bend achromat (HMBA))
§ Lead in to Tuesday lecture on 3G light source lattices

§ 2D/3D manipulation:
§ Longitudinal/transverse emittance exchange
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Review: General Linear Transport Matrix

§ We can parameterize a general non-periodic transport matrix 
from s1 to s2 using lattice parameters and 

§ This does not have a pretty form like the periodic matrix
However both can be expressed as

where the C and S terms are cosine-like and sine-like; 
the second row is the s-derivative of the first row!

A common use of this matrix is the m12 term:
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�x0(s1) �x0(s2)

Orbit Control: Two-Bump

§ A single orbit error changes all later positions and angles
§ Add another dipole corrector at a location where                    

At this point the distortion from the original dipole corrector is 
all x’ that we can cancel with the second dipole corrector.

§ Called a two-bump: localized orbit distortion from two correctors
§ But requires                     between correctors 
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Orbit Control: Three-Bump (another view of homework)

§ A general local orbit distortion from three dipole correctors
§ Constraint is that net orbit change from sum of all three kicks 

must be zero

§ Bump amplitude
§ Only three-bump requirement is that S12, S23 ≠ 0

• Need a transverse position change between points 1,2 and 2,3
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Review: Matrices of Magnetic Elements

§ For our purposes this morning:
§ All motion is linearized

§ Linear transport matrices:

§ (Sector) dipole includes constant fractional momentum offset
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<latexit sha1_base64="bNSt0pQ9h9VzZFuJ0/Q9RWJ8oHw=">AAACFHicdVDLSgMxFM3UV62vURcu3ASL6KrMSH3tCm5cVrAP6JSSSe+0oZmHSaa0DPMb/oBb/QN34ta9P+B3mLYjtKIHEg7n3Mu997gRZ1JZ1qeRW1peWV3Lrxc2Nre2d8zdvboMY0GhRkMeiqZLJHAWQE0xxaEZCSC+y6HhDm4mfmMIQrIwuFfjCNo+6QXMY5QoLXXMg9GJAw8xGzqeIDSJOqNUf1baMYtWyZoCz5Fzy76+sLGdKUWUodoxv5xuSGMfAkU5kbJlW5FqJ0QoRjmkBSeWEBE6ID1oaRoQH2Q7mR6Q4mOtdLEXCv0ChafqfEdCfCnHvqsrfaL68rc3Ef/yWrHyrtoJC6JYQUBng7yYYxXiSRq4ywRQxceaECqY3hXTPtFJKJ3ZwpQ+8CGotKCD+bke/0/qZyXbKtl35WKlnEWUR4foCJ0iG12iCrpFVVRDFKXoCT2jF+PReDXejPdZac7IevbRAoyPb05zn2M=</latexit><latexit sha1_base64="bNSt0pQ9h9VzZFuJ0/Q9RWJ8oHw=">AAACFHicdVDLSgMxFM3UV62vURcu3ASL6KrMSH3tCm5cVrAP6JSSSe+0oZmHSaa0DPMb/oBb/QN34ta9P+B3mLYjtKIHEg7n3Mu997gRZ1JZ1qeRW1peWV3Lrxc2Nre2d8zdvboMY0GhRkMeiqZLJHAWQE0xxaEZCSC+y6HhDm4mfmMIQrIwuFfjCNo+6QXMY5QoLXXMg9GJAw8xGzqeIDSJOqNUf1baMYtWyZoCz5Fzy76+sLGdKUWUodoxv5xuSGMfAkU5kbJlW5FqJ0QoRjmkBSeWEBE6ID1oaRoQH2Q7mR6Q4mOtdLEXCv0ChafqfEdCfCnHvqsrfaL68rc3Ef/yWrHyrtoJC6JYQUBng7yYYxXiSRq4ywRQxceaECqY3hXTPtFJKJ3ZwpQ+8CGotKCD+bke/0/qZyXbKtl35WKlnEWUR4foCJ0iG12iCrpFVVRDFKXoCT2jF+PReDXejPdZac7IevbRAoyPb05zn2M=</latexit><latexit sha1_base64="bNSt0pQ9h9VzZFuJ0/Q9RWJ8oHw=">AAACFHicdVDLSgMxFM3UV62vURcu3ASL6KrMSH3tCm5cVrAP6JSSSe+0oZmHSaa0DPMb/oBb/QN34ta9P+B3mLYjtKIHEg7n3Mu997gRZ1JZ1qeRW1peWV3Lrxc2Nre2d8zdvboMY0GhRkMeiqZLJHAWQE0xxaEZCSC+y6HhDm4mfmMIQrIwuFfjCNo+6QXMY5QoLXXMg9GJAw8xGzqeIDSJOqNUf1baMYtWyZoCz5Fzy76+sLGdKUWUodoxv5xuSGMfAkU5kbJlW5FqJ0QoRjmkBSeWEBE6ID1oaRoQH2Q7mR6Q4mOtdLEXCv0ChafqfEdCfCnHvqsrfaL68rc3Ef/yWrHyrtoJC6JYQUBng7yYYxXiSRq4ywRQxceaECqY3hXTPtFJKJ3ZwpQ+8CGotKCD+bke/0/qZyXbKtl35WKlnEWUR4foCJ0iG12iCrpFVVRDFKXoCT2jF+PReDXejPdZac7IevbRAoyPb05zn2M=</latexit><latexit sha1_base64="bNSt0pQ9h9VzZFuJ0/Q9RWJ8oHw=">AAACFHicdVDLSgMxFM3UV62vURcu3ASL6KrMSH3tCm5cVrAP6JSSSe+0oZmHSaa0DPMb/oBb/QN34ta9P+B3mLYjtKIHEg7n3Mu997gRZ1JZ1qeRW1peWV3Lrxc2Nre2d8zdvboMY0GhRkMeiqZLJHAWQE0xxaEZCSC+y6HhDm4mfmMIQrIwuFfjCNo+6QXMY5QoLXXMg9GJAw8xGzqeIDSJOqNUf1baMYtWyZoCz5Fzy76+sLGdKUWUodoxv5xuSGMfAkU5kbJlW5FqJ0QoRjmkBSeWEBE6ID1oaRoQH2Q7mR6Q4mOtdLEXCv0ChafqfEdCfCnHvqsrfaL68rc3Ef/yWrHyrtoJC6JYQUBng7yYYxXiSRq4ywRQxceaECqY3hXTPtFJKJ3ZwpQ+8CGotKCD+bke/0/qZyXbKtl35WKlnEWUR4foCJ0iG12iCrpFVVRDFKXoCT2jF+PReDXejPdZac7IevbRAoyPb05zn2M=</latexit>

paraxial
approximation
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Review: Periodic Transport Matrix Parameterization

§ Periodic transport matrices can be parameterized as

all depend on s location
all have the periodicity of the system

M = I cosµ+ J sinµ = eJµ
<latexit sha1_base64="3swsVLXDpHdaQrSylomoX803oO0="></latexit><latexit sha1_base64="3swsVLXDpHdaQrSylomoX803oO0="></latexit><latexit sha1_base64="3swsVLXDpHdaQrSylomoX803oO0="></latexit><latexit sha1_base64="3swsVLXDpHdaQrSylomoX803oO0="></latexit>

J ⌘
✓

↵ �
�� �↵

◆

<latexit sha1_base64="rHoP+bLTcmjT4qlY+7hp2W8CQjs="></latexit><latexit sha1_base64="rHoP+bLTcmjT4qlY+7hp2W8CQjs="></latexit><latexit sha1_base64="rHoP+bLTcmjT4qlY+7hp2W8CQjs="></latexit><latexit sha1_base64="rHoP+bLTcmjT4qlY+7hp2W8CQjs="></latexit>

J2 = �I
<latexit sha1_base64="Ab67q1z8++5jQm+y5yxKBNAjt4s=">AAACAXicdVDJSgNBEO2JW4xb1KOXxiB4McyEuB2EgBf1FMEskIyhp1OTtOnpGbp7AmHIyR/wqn/gTbz6Jf6A32FnERLRBwWP96qoqudFnClt259WamFxaXklvZpZW9/Y3Mpu71RVGEsKFRryUNY9ooAzARXNNId6JIEEHoea17sc+bU+SMVCcacHEbgB6QjmM0q0kao394WLo+tWNmfn7THwDDm2nfMTBztTJYemKLeyX812SOMAhKacKNVw7Ei7CZGaUQ7DTDNWEBHaIx1oGCpIAMpNxtcO8YFR2tgPpSmh8VidnUhIoNQg8ExnQHRX/fZG4l9eI9b+mZswEcUaBJ0s8mOOdYhHr+M2k0A1HxhCqGTmVky7RBKqTUBzW7rA+6CHGRPMz/f4f1It5B0779wWc6XiNKI02kP76BA56BSV0BUqowqi6AE9oWf0Yj1ar9ab9T5pTVnTmV00B+vjG5f+lsI=</latexit><latexit sha1_base64="Ab67q1z8++5jQm+y5yxKBNAjt4s=">AAACAXicdVDJSgNBEO2JW4xb1KOXxiB4McyEuB2EgBf1FMEskIyhp1OTtOnpGbp7AmHIyR/wqn/gTbz6Jf6A32FnERLRBwWP96qoqudFnClt259WamFxaXklvZpZW9/Y3Mpu71RVGEsKFRryUNY9ooAzARXNNId6JIEEHoea17sc+bU+SMVCcacHEbgB6QjmM0q0kao394WLo+tWNmfn7THwDDm2nfMTBztTJYemKLeyX812SOMAhKacKNVw7Ei7CZGaUQ7DTDNWEBHaIx1oGCpIAMpNxtcO8YFR2tgPpSmh8VidnUhIoNQg8ExnQHRX/fZG4l9eI9b+mZswEcUaBJ0s8mOOdYhHr+M2k0A1HxhCqGTmVky7RBKqTUBzW7rA+6CHGRPMz/f4f1It5B0779wWc6XiNKI02kP76BA56BSV0BUqowqi6AE9oWf0Yj1ar9ab9T5pTVnTmV00B+vjG5f+lsI=</latexit><latexit sha1_base64="Ab67q1z8++5jQm+y5yxKBNAjt4s=">AAACAXicdVDJSgNBEO2JW4xb1KOXxiB4McyEuB2EgBf1FMEskIyhp1OTtOnpGbp7AmHIyR/wqn/gTbz6Jf6A32FnERLRBwWP96qoqudFnClt259WamFxaXklvZpZW9/Y3Mpu71RVGEsKFRryUNY9ooAzARXNNId6JIEEHoea17sc+bU+SMVCcacHEbgB6QjmM0q0kao394WLo+tWNmfn7THwDDm2nfMTBztTJYemKLeyX812SOMAhKacKNVw7Ei7CZGaUQ7DTDNWEBHaIx1oGCpIAMpNxtcO8YFR2tgPpSmh8VidnUhIoNQg8ExnQHRX/fZG4l9eI9b+mZswEcUaBJ0s8mOOdYhHr+M2k0A1HxhCqGTmVky7RBKqTUBzW7rA+6CHGRPMz/f4f1It5B0779wWc6XiNKI02kP76BA56BSV0BUqowqi6AE9oWf0Yj1ar9ab9T5pTVnTmV00B+vjG5f+lsI=</latexit><latexit sha1_base64="Ab67q1z8++5jQm+y5yxKBNAjt4s=">AAACAXicdVDJSgNBEO2JW4xb1KOXxiB4McyEuB2EgBf1FMEskIyhp1OTtOnpGbp7AmHIyR/wqn/gTbz6Jf6A32FnERLRBwWP96qoqudFnClt259WamFxaXklvZpZW9/Y3Mpu71RVGEsKFRryUNY9ooAzARXNNId6JIEEHoea17sc+bU+SMVCcacHEbgB6QjmM0q0kao394WLo+tWNmfn7THwDDm2nfMTBztTJYemKLeyX812SOMAhKacKNVw7Ei7CZGaUQ7DTDNWEBHaIx1oGCpIAMpNxtcO8YFR2tgPpSmh8VidnUhIoNQg8ExnQHRX/fZG4l9eI9b+mZswEcUaBJ0s8mOOdYhHr+M2k0A1HxhCqGTmVky7RBKqTUBzW7rA+6CHGRPMz/f4f1It5B0779wWc6XiNKI02kP76BA56BSV0BUqowqi6AE9oWf0Yj1ar9ab9T5pTVnTmV00B+vjG5f+lsI=</latexit>

(�,↵, � ⌘ (1 + ↵2)/�)
<latexit sha1_base64="HXxrPabxpNhFZajgYDp7cW2g4Uc="></latexit><latexit sha1_base64="HXxrPabxpNhFZajgYDp7cW2g4Uc="></latexit><latexit sha1_base64="HXxrPabxpNhFZajgYDp7cW2g4Uc="></latexit><latexit sha1_base64="HXxrPabxpNhFZajgYDp7cW2g4Uc="></latexit>

FODO lattice

Twiss

or C-S

parameters
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Dipole-Free Transverse Lattices: FODO Review
(Be very careful in comparisons to other references!)

§ Most accelerator lattices are designed in modular ways
§ Design and operational clarity, separation of functions

§ One of the most common modules is a FODO module
§ Alternating focusing and defocusing “strong” quadrupoles
§ Spaces between are combinations of drifts and dipoles
§ Strong quadrupoles dominate the focusing
§ Periodicity is one FODO “cell” so we’ll investigate that 

motion
§ Horizontal beam size largest at centers of focusing quads
§ Vertical beam size largest at centers of defocusing quads

cell
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<latexit sha1_base64="Zs6lE5vOuqqkeMBFkKK8+ccgEpo=">AAAB/XicbZDLSsNAFIZPvNZ6q27dDIrgqiSlVgsuBDcuXFSwF2iDTKYndnBycWYilJAX8AXc6hu4Ex/FF/A5nCQiVv1hmJ//n+EcPi8WXGnbfrfm5hcWl5YrK9XVtfWNzdrWWk9FiWTYZZGI5MCjCgUPsau5FjiIJdLAE9j3bs/yvn+PUvEovNLTGN2A3oTc54xqE7kjX1KWXmRpIzvxr2t7dt0uRErjNIw5tJ12q0Wcr2rvtAmFOte1j9E4YkmAoWaCKjV07Fi7KZWaM4FZdZQojCm7pTc4NDakASo3LZbOyL5JxsSPpDmhJkX680dKA6WmgWdeBlRP1O8uD//rhon2j92Uh3GiMWTlID8RREckJ0DGXCLTYmoMZZKbXQmbUMNBG04zUyYo7lFn1QJMO9fhN4a/pteoO61687IJFdiBXTgAB47gFM6hA11gcAeP8ATP1oP1Yr2WCOes8oZtmJH19glk8pnY</latexit>

L

2
< f

<latexit sha1_base64="lz2HIRB+TShJ7Nl7O6VznJlL+0A="></latexit>

1� 2(qL)2 = cosµ = 1� 2 sin2
µ

2
) sin

µ

2
= ±qL = ± L

2f

<latexit sha1_base64="GqeVkJXie73/LR6m2Owje5msdpM=">AAACFXicbZDNSgMxFIXv+Ftr1erWTVAEXVimpf4thIIbFwoVrAqdKpn01oYmM2OSKZShD+Br+AJu9Q3ciUtfwOcwMxVR64GQj3NvuDfHjwTXxnXfnYnJqemZ2dxcfr6wsLhUXC5c6DBWDBssFKG68qlGwQNsGG4EXkUKqfQFXvq9o7R+2UeleRicm0GELUlvA97hjBpr3RTXPUlNV8nkXA1PySGpeCzUnoxT3K5u3p1sXVdsl1tyM5FxKH/Beq0Kmeo3xQ+vHbJYYmCYoFo3y25kWglVhjOBw7wXa4wo69FbbFoMqETdSrLPDMmGddqkEyp7AkMy9+eLhEqtB9K3nenq+m8tNf+rNWPT2W8lPIhigwEbDerEgpiQpMmQNlfIjBhYoExxuythXaooMza/X1O6KPpohvksmINUO98xjMNFpVTeLVXPqpCDVViDTSjDHtTgGOrQAAb38AhP8Ow8OC/O6yjCCWd0wwr8kvP2CRotoNM=</latexit>

TrM = 2 cosµ = 2� 4(qL)2

<latexit sha1_base64="voOLxs6yJRu5Lj9be/Wuj3+IRrw="></latexit>

M =

✓
1� 2(qL)2 2L(1 + (qL))

�2q(qL)(1� qL) 1� 2(qL)2

◆

<latexit sha1_base64="IoNEyv0ADi/bdRP/AB69Bc7Nxak="></latexit>

M =

✓
1 0
�q 1

◆✓
1 L
0 1

◆✓
1 0
2q 1

◆✓
1 L
0 1

◆✓
1 0
�q 1

◆

Dipole-Free Transverse Lattices: FODO Review

§ Select periodicity between centers of focusing quads
§ A natural periodicity if we want to calculate maximum b(s)

§ only has real solutions (stability) if 

�2f �2ff

cell

µ

<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q
<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q

<latexit sha1_base64="Wj3RQHFX+v+mYWFT37/41e+X/vo=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYhA8hd0QNd4CXjxGMQ9IljA76U2GzD6cmQ2EJfgDXvUPvIlXv8Uf8Duc3QQxxoKGoqqb7i434kwqy/o0VlbX1jc2c1v57Z3dvf3CwWFThrGg2KAhD0XbJRI5C7ChmOLYjgQS3+XYckfXqd8ao5AsDO7VJELHJ4OAeYwSpaW78kOvULRKVgZzmdhzUqxVIEO9V/jq9kMa+xgoyomUHduKlJMQoRjlOM13Y4kRoSMywI6mAfFROkl26dQ81Urf9EKhK1Bmpv6eSIgv5cR3dadP1FD+9VLxP68TK6/qJCyIYoUBnS3yYm6q0EzfNvtMIFV8ogmhgulbTTokglClw1nYMkQ+RjXNZ8FcpTj/iWGZNMsl+6JUua0Ua9VZQpCDYziBM7DhEmpwA3VoAAUPnuAZXoxH49V4M95nrSvGfOYIFmB8fAMrspZM</latexit>

2q

<latexit sha1_base64="dOCcx3eT8eTtKF2IK9eKvzMloSY=">AAACE3icbVDLSsNAFL2p7/qKCm7cBItQNzUp9bUQim5cKlhbaEuZTG/s0EkmzkwKJda/8Afc6h+4E7d+gD/gd5ikIr4OXDiccy/3cNyQM6Vt+83ITUxOTc/MzuXnFxaXls2V1UslIkmxRgUXsuEShZwFWNNMc2yEEonvcqy7/ZPUrw9QKiaCCz0Mse2Tq4B5jBKdSB1zveUT3ZN+fCxEf3R7feTsFMvedscs2CU7g/WXOJ+kUK1AhrOO+d7qChr5GGjKiVJNxw51OyZSM8pxlG9FCkNC++QKmwkNiI+qHWf5R9ZWonQtT8hkAm1l6veLmPhKDX032UzTqt9eKv7nNSPtHbRjFoSRxoCOH3kRt7Sw0jKsLpNINR8mhFDJkqwW7RFJqE4q+/Glh3yAepTPijlMsftVw19yWS45e6XKeaVQPRg3BLOwAZtQBAf2oQqncAY1oHAD9/AAj8ad8WQ8Gy/j1ZzxebMGP2C8fgBsrZ5/</latexit>

Book q = 1/(2f)

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

book 3.47

book 3.49

cell length 2L
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<latexit sha1_base64="voOLxs6yJRu5Lj9be/Wuj3+IRrw="></latexit>

M =

✓
1� 2(qL)2 2L(1 + (qL))

�2q(qL)(1� qL) 1� 2(qL)2

◆

Dipole-Free Transverse Lattices: FODO Review

§ What is the maximum beta function,    ? 
§ A natural periodicity if we want to calculate maximum b(s)

§ Follow a similar strategy reversing F/D quadrupoles to find 
the minimum b(s) within a FODO cell (center of D quad)

�̂

( m12 = � sinµ

�2f �2ff

cell

<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q
<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q

<latexit sha1_base64="Wj3RQHFX+v+mYWFT37/41e+X/vo=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYhA8hd0QNd4CXjxGMQ9IljA76U2GzD6cmQ2EJfgDXvUPvIlXv8Uf8Duc3QQxxoKGoqqb7i434kwqy/o0VlbX1jc2c1v57Z3dvf3CwWFThrGg2KAhD0XbJRI5C7ChmOLYjgQS3+XYckfXqd8ao5AsDO7VJELHJ4OAeYwSpaW78kOvULRKVgZzmdhzUqxVIEO9V/jq9kMa+xgoyomUHduKlJMQoRjlOM13Y4kRoSMywI6mAfFROkl26dQ81Urf9EKhK1Bmpv6eSIgv5cR3dadP1FD+9VLxP68TK6/qJCyIYoUBnS3yYm6q0EzfNvtMIFV8ogmhgulbTTokglClw1nYMkQ+RjXNZ8FcpTj/iWGZNMsl+6JUua0Ua9VZQpCDYziBM7DhEmpwA3VoAAUPnuAZXoxH49V4M95nrSvGfOYIFmB8fAMrspZM</latexit>

2q

<latexit sha1_base64="dOCcx3eT8eTtKF2IK9eKvzMloSY=">AAACE3icbVDLSsNAFL2p7/qKCm7cBItQNzUp9bUQim5cKlhbaEuZTG/s0EkmzkwKJda/8Afc6h+4E7d+gD/gd5ikIr4OXDiccy/3cNyQM6Vt+83ITUxOTc/MzuXnFxaXls2V1UslIkmxRgUXsuEShZwFWNNMc2yEEonvcqy7/ZPUrw9QKiaCCz0Mse2Tq4B5jBKdSB1zveUT3ZN+fCxEf3R7feTsFMvedscs2CU7g/WXOJ+kUK1AhrOO+d7qChr5GGjKiVJNxw51OyZSM8pxlG9FCkNC++QKmwkNiI+qHWf5R9ZWonQtT8hkAm1l6veLmPhKDX032UzTqt9eKv7nNSPtHbRjFoSRxoCOH3kRt7Sw0jKsLpNINR8mhFDJkqwW7RFJqE4q+/Glh3yAepTPijlMsftVw19yWS45e6XKeaVQPRg3BLOwAZtQBAf2oQqncAY1oHAD9/AAj8ad8WQ8Gy/j1ZzxebMGP2C8fgBsrZ5/</latexit>

Book q = 1/(2f)

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

<latexit sha1_base64="FGjcrStBcQuLt2yhU1DN7LUz7o0="></latexit>

�̂ sinµ = 2L
⇣
1 + sin

µ

2

⌘
<latexit sha1_base64="dqolbIo7RR3gCSOLXuqZP3GVIS0="></latexit>

�̂ =
2L

sinµ

⇣
1 + sin

µ

2

⌘

<latexit sha1_base64="VV0F9sPIE80/h0rwHJ4fQ3zZUko="></latexit>

�̌ =
2L

sinµ

⇣
1� sin

µ

2

⌘
equivalent to book 3.50

cell length 2L
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Review: FODO Betatron Functions vs Phase Advance

Generally want /L small
  Strong focusing
  Smaller magnets
  Less expensive accelerator

�̂

H
er

e 
th

er
e 

be
 d

ra
go

ns

�̂

<latexit sha1_base64="aXAEDQDia1IJSXZApcgsE98/o4w=">AAAB/XicbZDLSsNAFIZP6q3WqtWtm2ARXJVU6m1XcOOygr1AE8pketoOnVycOSmUkBfwBdzqG7gTH8UX8DlMUhFr/WGYn/+f4Rw+N5RCk2V9GIW19Y3NreJ2aae8u7dfOSh3dBApjm0eyED1XKZRCh/bJEhiL1TIPFdi153eZH13hkqLwL+neYiOx8a+GAnOKI0cm0+QT2PbRWLJoFK1alYuc9XUv0212YBcrUHl0x4GPPLQJy6Z1v26FZITM0WCS0xKdqQxZHzKxthPrc881E6cL52YJ2kyNEeBSo9PZp7+/hEzT+u556YvPUYT/bfLwv+6fkSjKycWfhgR+nwxaBRJkwIzI2AOhUJOcp4axpVIdzX5hCnGKeW0NGWCcoaUlHIw15nOfzCsms5ZrX5Ra9w1oAhHcAynUIdLaMIttKANHB7gCZ7hxXg0Xo23BcKCsbjhEJZkvH8Bn8iZ/A==</latexit>

�̌

Book Figure 3.6 cell length 2L
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Triplet Optics: Extra Straight Space
cell

f
<latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit>

full double strength quad!

L1
<latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit>

L2
<latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit>

From R. Chehab et al., “The CLIC Positron Capture and Acceleration in the Injector Linac”, 2010.

symmetric beta
symmetric alpha

�f/2
<latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit><latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit><latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit><latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit>

f
<latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit>

L1
<latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit>

long drift

More on
Friday

It’s
Friday!

a=0 is a
boundary
condition
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Triplet Cell Strategy: Not Exactly FODO

§ Calculate transport matrix in terms of L1, L2, f
§ Three degrees of freedom
§ Use (3.34) from book/hw and find eigenvalues with α=0

Emphasis on periodic solutions for repeating cells
Can also design with madx (often know ~lengths L1, L2)
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Triplet Focusing: “Equal” strength quads

// Element definitions
D: DRIFT, L=4.0;
QF: QUADRUPOLE, L=1,K1=0.05;
QD: QUADRUPOLE, L=1,K1=-0.1;

// Lattice definitions
TRIPLET: LINE=(2*D,QF,D,QD,D,QF,2*D);

madx file link

8m 4m

http://toddsatogata.net/2024-USPAS/lab/triplet1.madx
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Triplet Focusing: “Round” beams

// Element definitions
D: DRIFT, L=4.0;
QF: QUADRUPOLE, L=1,K1=0.05;
QD: QUADRUPOLE, L=1,K1=-0.0935;

// Lattice definitions
TRIPLET: LINE=(2*D,QF,D,QD,D,QF,2*D);

madx file link

8m 4m

http://toddsatogata.net/2024-USPAS/lab/triplet2.madx
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Triplet Focusing: Absurd Extremes

Very weak focusing
Beta functions arbitrarily large

Very strong focusing
Focal length close to
interquad spacing
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First Matching: Triplet/FODO lattice

triplet
7x ”periodic” FODO

triplet

madx file link

Optics matching:
  - All twiss parameters
    are equal at ends of
    two sections to be
    matched
- Here need to match
  ax,y=0 and bx,y values
   at ends of triplet/FODO

Use ax,y=0 halfway
  through FODO quadrupole

http://toddsatogata.net/2024-USPAS/lab/tripletToFodotoTriplet.madx
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π/2 Insertion
§ Insertions and matching: modular accelerator design
§ FODO sections have very regular spacings of quads

§ Periodicity of quadrupoles => periodicity of focusing
§ But we may need some long quadrupole-free sections

§ RF, injections, extraction, experiments, long instruments
§ Can we design a periodic “module” that fits in a FODO 

lattice with a long straight section, and matches to 
FODO optics?
§ Yes: the minimal periodic option is the π/2 insertion
§ Matching lattice functions (β,α)x,y at locations A,B
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π/2 Insertion

M =

✓
1 L1

0 1

◆✓
1 0

�1/f 1

◆✓
1 L2

0 1

◆✓
1 0

1/f 1

◆✓
1 L1

0 1

◆

<latexit sha1_base64="+2BQeTCGETxy4GQW9M4EjAm1cvE="></latexit><latexit sha1_base64="+2BQeTCGETxy4GQW9M4EjAm1cvE="></latexit><latexit sha1_base64="+2BQeTCGETxy4GQW9M4EjAm1cvE="></latexit><latexit sha1_base64="+2BQeTCGETxy4GQW9M4EjAm1cvE="></latexit>

cosµ = 1� L1L2

f
� sinµ =

✓
2� L1L2

f2

◆
L1 + L2 � sinµ =

L2

f2
<latexit sha1_base64="vFN5dGVZaFx79erRLrwgXlB3DtA="></latexit><latexit sha1_base64="vFN5dGVZaFx79erRLrwgXlB3DtA="></latexit><latexit sha1_base64="vFN5dGVZaFx79erRLrwgXlB3DtA="></latexit><latexit sha1_base64="vFN5dGVZaFx79erRLrwgXlB3DtA="></latexit>

m21 term : L2 = f2� sinµ (recall � ⌘ (1 + ↵2)/� > 0)
<latexit sha1_base64="V5aTgIdPtqBgu/F4IV5lliF54T0="></latexit><latexit sha1_base64="V5aTgIdPtqBgu/F4IV5lliF54T0="></latexit><latexit sha1_base64="V5aTgIdPtqBgu/F4IV5lliF54T0="></latexit><latexit sha1_base64="V5aTgIdPtqBgu/F4IV5lliF54T0="></latexit>

Maximum L2 when sinµ = 1 µ =
⇡

2
cosµ = 0

<latexit sha1_base64="NMRS21QlhxLeo8n+OH+AZ31csgI="></latexit><latexit sha1_base64="NMRS21QlhxLeo8n+OH+AZ31csgI="></latexit><latexit sha1_base64="NMRS21QlhxLeo8n+OH+AZ31csgI="></latexit><latexit sha1_base64="NMRS21QlhxLeo8n+OH+AZ31csgI="></latexit>

M =

 
1 + L2

f � L1L2
f2 2L1 + L2 � L2

1L2

f2

�L2
f2 1� L1L2

f2 � L2
f

!
=

✓
cosµ+ ↵ sinµ � sinµ

�� sinµ cosµ� ↵ sinµ

◆

<latexit sha1_base64="1EmQMp7SpLQnNG/icLST+g7f0Kc="></latexit><latexit sha1_base64="1EmQMp7SpLQnNG/icLST+g7f0Kc="></latexit><latexit sha1_base64="1EmQMp7SpLQnNG/icLST+g7f0Kc="></latexit><latexit sha1_base64="1EmQMp7SpLQnNG/icLST+g7f0Kc="></latexit> periodic boundary conditions
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π/2 Insertion

M�/2 =

✓
� ⇥
�⇤ ��

◆
= J (recall J2 = �I)

π/2 insertion

5m FODO drifts
L1=7.95m, L2=8.75m

Design constraints : f =
↵

�
L2 =

↵2

�
L1 = � � L2

<latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit>
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π/2 Insertion
M�/2 =

✓
� ⇥
�⇤ ��

◆
= J (recall J2 = �I)

π/2 insertion

Particles advance 90 degrees (π/2) in phase in this insertion but the
Twiss parameters are completely periodic

x

x’

x

x’

Play with equation 3.34
and components of Mπ/2
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π/2 Insertion
M�/2 =

✓
� ⇥
�⇤ ��

◆
= J (recall J2 = �I)

π/2 insertion

Q1: Why does this work for both planes even though we just
designed for one plane?

Hint: Design constraints : f =
↵

�
L2 =

↵2

�
L1 = � � L2

<latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit>
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π/2 Insertion
M�/2 =

✓
� ⇥
�⇤ ��

◆
= J (recall J2 = �I)

π/2 insertion

Q2: Can we set α=0 so this becomes an (x,x’) exchanger?

Hint: Design constraints : f =
↵

�
L2 =

↵2

�
L1 = � � L2

<latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit><latexit sha1_base64="vZ3J1LXY0XBoy1XLdmF/4bsWnrQ="></latexit>

Mxx0 exchange =

✓
0 �

�1/� 0

◆

<latexit sha1_base64="+twPViJNJPkXfpYbCLarw2+ySts="></latexit><latexit sha1_base64="+twPViJNJPkXfpYbCLarw2+ySts="></latexit><latexit sha1_base64="+twPViJNJPkXfpYbCLarw2+ySts="></latexit><latexit sha1_base64="+twPViJNJPkXfpYbCLarw2+ySts="></latexit>



T. Satogata / January 2024          USPAS Accelerator Physics 26

Multiple π/2 Insertions

M2 = �I

M4 = I
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Symmetric Two-Doublet Insertion

insertion

FODO

Q1 Q2 Q2 Q1

Q: What does the symmetry imply for optics behavior?
Q: What about an antisymmetric two doublet insertion?

FODO
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Class Photo (FODO) Time: 10:40(ish)

USPAS accelerator physics in the days (2011) of 33 students and one TA!



T. Satogata / January 2024          USPAS Accelerator Physics 29

From (x,x’) Exchange to (x,y) Exchange

§ The π/2 solution prompted a question about (x,x’) 
exchange

§ Steve briefly discussed coupling from a theoretical 
and practical standpoint yesterday...

§ Q: is it possible to construct a lattice insertion that 
exchanges horizontal and vertical phase spaces?

§ A: Yes. This was developed in the 90s at Cornell and 
is called a Mobius insertion.
§ Could “trivially” be implemented with a very long solenoid
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Mobius Insertion

§ Fully coupled equal-emittance optics for e+e- CESR collisions 
(round beam e+e- collisions)
§ Symmetrically exchange horizontal/vertical motion in insertion
§ Horizontal/vertical motion are coupled

• Only one transverse tune degree of freedom!

§ Match insertion to points where βx=βy and αx=αy with phase 
advances that differ by π between planes

• Normal insertion:

• Rotated by 45 degrees around s axis:
§ A purely transverse example of an emittance exchanger

Merect =

✓
T 0
0 �T

◆

Mmobius =

✓
0 T
T 0

◆

Qx,y : unrotated tunes Q1,2 =
Qx +Qy

2
± 1

4
Q1 �Q2 =

1

2
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Talman 1993 Mobius Paper

§ https://www.classe.cornell.edu/public/CBN/1993/Mobius.ps

Shaded = Skew quadrupole

Synchrotron
Stability
Diagram

https://www.classe.cornell.edu/public/CBN/1993/Mobius.ps


T. Satogata / January 2024          USPAS Accelerator Physics 32

Mobius is still in literature! (2022)

Equilibrium Parameters in Coupled Storage Ring Lattices and Practical Applications
V. Ziemmann and A. Streun
PHYSICAL REVIEW ACCELERATORS AND BEAMS 25, 050703 (2022)

https://journals.aps.org/prab/pdf/10.1103/PhysRevAccelBeams.25.050703
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Low-beta Insertions: intro
§ We have one final “dipole-free” insertion to discuss

§ (In practice it may well not be dipole free)
§ Low beta insertions are fundamentally quads that 

focus into special long drift spaces
§ To this point we have avoided overfocusing
§ Low beta insertions are intentionally overfocused to 

create a minimum beam size (or waist) in a drift

RHIC low-beta
insertion
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Low-beta Insertions: Uses

§ Low-beta is most famously used to maximize collider 
luminosity by minimizing beam size at interaction 
point

§ Also used to maximize beam divergence
§ Minimizes emittance growth from interactions with 

materials, e.g. ion stripping foils or diagnostic screens

x

x’

x

x’thin foil scattering adds
noise to particle angles x’

low β
α=0

Steve mentioned

this application

Thursday
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Low-beta Insertions

§ Recall homework 2.2 about β evolution and phase 
advance in a drift

where β* is the minimum value of β and s is the
s-coordinate distance from this minimum

β must be quite large at the quadrupoles surrounding 
the low-beta insertion to create a small β*

�(s) = �? +
s2

�?
<latexit sha1_base64="zsamRJPb2Y5oSsa6Q/8zlHIjcls="></latexit><latexit sha1_base64="zsamRJPb2Y5oSsa6Q/8zlHIjcls="></latexit><latexit sha1_base64="zsamRJPb2Y5oSsa6Q/8zlHIjcls="></latexit><latexit sha1_base64="zsamRJPb2Y5oSsa6Q/8zlHIjcls="></latexit>

Smaller �? gives steeper parabolic increase!
<latexit sha1_base64="5QlEZ4e27d8m+rGWZmzF1jMSkxw="></latexit><latexit sha1_base64="5QlEZ4e27d8m+rGWZmzF1jMSkxw="></latexit><latexit sha1_base64="5QlEZ4e27d8m+rGWZmzF1jMSkxw="></latexit><latexit sha1_base64="5QlEZ4e27d8m+rGWZmzF1jMSkxw="></latexit>

Phase advance across straight section : 2 arctan

✓
Linsertion

�?

◆

<latexit sha1_base64="aESu6SUpmyQkCcVxnXNPxMXIgoY="></latexit><latexit sha1_base64="aESu6SUpmyQkCcVxnXNPxMXIgoY="></latexit><latexit sha1_base64="aESu6SUpmyQkCcVxnXNPxMXIgoY="></latexit><latexit sha1_base64="aESu6SUpmyQkCcVxnXNPxMXIgoY="></latexit>
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Low-beta Insertion guidelines

Slide from D. Pellegrini

Use a code (e.g. madx)
to optimize and match!
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Combining Beam Separation and Low Beta Quads

LHC RHIC

Slide from D. Pellegrini
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Electron-Ion Collider (EIC) Interaction Region (2022)
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Dispersion Review

§ Review and reformulation of Tuesday PM material (a long time ago)

§ Dispersion is defined as the change in particle position 
with fractional momentum offset

Dispersion originates from momentum dependence of dipole bends
Equivalent to separation of optical wavelengths in prism

� ⌘ �p/p0

�(s)

White light with 
many frequencies

(momenta) 
enters, all with 

same initial 
trajectories (x,x’)

Different positions
due to different bend 

angles of different 
wavelengths 
(frequencies, 
momenta) of 
incoming light

x(s) = betatron + ⇥x(s)� ⇥x(s) ⌘
dx

d�
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(xkcd interlude)
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(xkcd interlude)

This is known in accelerator 
lattice design language as a 
“double bend achromat”

http://www.xkcd.org/964/
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� 1
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� sin ✓ �⇢(1� cos ✓) 0 0 1 �⇢(✓ � sin ✓)
0 0 0 0 0 1

1

CCCCCCA

“Review”: Sector Dipole (and “Weak” Sector Dipole)

§ “Weak” dipole: q<<1 with L=rq constant

Wednesday Magnet lecture

We will be simplifying by only looking at (x,x’,d): 
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Dispersion

§ Add explicit momentum dependence to equation of motion

Perturb our zero-dispersion solution (2nd order ODE) to find

The trajectory has two parts: 

x(s) = C(s)x0 + S(s)x0
0 +D(s)�0

x0(s) = C 0(s)x0 + S0(s)x0
0 +D0(s)�0

0

@
x(s)
x0(s)
�(s)

1

A =

0

@
C(s) S(s) D(s)
C 0(s) S0(s) D0(s)
0 0 1

1

A

0

@
x0

x0
0

�0

1

A

x(s) = betatron + ⇥x(s)� ⇥x(s) ⌘
dx

d�

x00 +K(s)x =
�

⇥(s)

Here D(s) is a matrix element
h(s) is the dispersion function
Reality is nonlinear: ... d0

2, d0
3 ...
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Periodic Dispersion

§ Substituting and noting dispersion is periodic,

§ If we take we can solve this in a clever way

§ Solving gives

0

@
⇥x(s)
⇥0x(s)
�(s)

1

A =

0

@
C(s) S(s) D(s)
C 0(s) S0(s) D0(s)
0 0 1

1

A

0

@
⇥x(s)
⇥0x(s)
�0

1

A

�x(s+ C) = �x(s)

�0 = 1
✓
�x(s)
�0x(s)

◆
=

✓
C(s) S(s)
C 0(s) S0(S)

◆✓
�x(s)
�0x(s)

◆
+

✓
D(s)
D0(s)

◆
= M

✓
�x(s)
�0x(s)

◆
+

✓
D(s)
D0(s)

◆

(I �M)

✓
�x(s)
�0x(s)

◆
=

✓
D(s)
D0(s)

◆
)

✓
�x(s)
�0x(s)

◆
= (I �M)�1

✓
D(s)
D0(s)

◆

achromat : D = D0 = 0

�(s) =
[1� S0(s)]D(s) + S(s)D0(s)

2(1� cosµ)

�0(s) =
[1� C(s)]D0(s) + C 0(s)D(s)

2(1� cosµ)
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FODO with dipoles

§ A periodic lattice without dipoles has no intrinsic dispersion
§ Consider FODO with long dipoles and thin quadrupoles

§ Each dipole has total length so each dipole is of length
§ Assume a large accelerator with many FODO cells so  

cell

MFODO = M�2fMdipoleMfMdipoleM�2f

M�2f =

0

@
1 0 0

� 1
2f 1 0
0 0 1

1

A Mf =

0

@
1 0 0
1
f 1 0
0 0 1

1

A

�1/2f 1/f �1/2f cell length 2L
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FODO with dipoles

§ Like    before, this choice of periodicity gives us

§ Changing periodicity to defocusing quad centers gives   

�̂ ⌘̂x

⌘0x = 0 at max

⌘̌x

⌘0x = 0 at min

cell length 2L
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RHIC FODO Cell

Horizontal

Vertical

Horizontal dispersion

dipole dipole

quadrupole

half 
quadrupole

half 
quadrupole

192 dipoles/ring
q=32.7 mrad
L=9.8m

87 deg/cell
sin(µ/2)~0.688

Calculated
hmax=1.8m
hmin=0.9m
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Dispersion suppressors

§ The FODO dispersion solution is non-zero everywhere
§ But in straight sections we often want

• e.g. to keep beam small in wigglers/undulators in a light source
• e.g. to keep longitudinal/transverse separate in straight sections

§ We can “match” between these two conditions with with a 
dispersion suppressor, a non-periodic set of magnets that 
transforms FODO             to zero.

§ Remember that dispersion is momentum-dependent 
transverse position

⌘x = ⌘0x = 0

(�x, �
0
x)

x(s) = betatron + ⇥x(s)� ⇥x(s) ⌘
dx

d�
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(xkcd interlude revisited)

Dispersion
increasing

Dispersion
decreasing

Dispersion
suppressed

A “double bend” achromat is the simplest example of
a dispersion suppressor: 1 quad and 1 dipole!

You are almost never this lucky, e.g. FODO dispersion
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Dispersion suppressors

§ The FODO dispersion solution is non-zero everywhere
§ But in straight sections we often want

• e.g. to keep beam small in wigglers/undulators in a light source
§ We can “match” between these two conditions with with a 

dispersion suppressor, a non-periodic set of magnets 
that transforms FODO             to zero.

§ Consider two FODO cells with different total bend angles
• Same quadrupole focusing to not disturb                much
• We want this to match                              to
• at ends to simplify periodic matrix  

⌘x = ⌘0x = 0

(�x, �
0
x)

(�x, �
0
x) = (�̂x, 0) (�x, �

0
x) = (0, 0)

↵x = 0

�1/2 �2/2�1/2 �2/2

�1, �2

1/f 1/f�1/f�1/2f �1/2f

�x, µx

https://arxiv.org/pdf/1303.6514.pdf dispersion suppression with quadrupoles

be careful
about definitions

https://arxiv.org/pdf/1303.6514.pdf
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Dispersion suppressors

D(s) =
L

2

✓
1 +

L

8f

◆✓
3� L2
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�1 + �2

�
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◆
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�multiply matrices )

�̂x =
4f2

L

✓
1 +

L

8f

◆
(⇥1 + ⇥2)

� = �1 + �2 two cells, one FODO bend angle ! reduced bending

FODO peak 
dispersion,

slope h’=0

Zero dispersion 
area

slope h’=0

0

@
0
0
1

1

A =

0

@
cos 2µx �x sin 2µx D(s)
� sin 2µx

�x
cos 2µx D0(s)

0 0 1

1

A

0

@
⇥̂x
0
1

1

A

✓1 =

 
1� 1

4 sin2 µ
2

!
✓ ✓2 =

 
1

4 sin2 µ
2

!
✓
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FODO Cell Dispersion and Suppressor

Dispersion-free Insertion
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Mismatched Dispersion

§ What does mismatched dispersion look like?
§ For example, this is what happens when the second 

dispersion suppressor is eliminated and the dipole-free 
FODO cells run right up against the FODO cells with dipoles

Dispersion
-free 

Insertion

Dispersion
Mismatch –
not periodic!
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RHIC Lattice Revisited

§ Note modular design, including low-beta insertions
§ Used for experimental collisions
§ Minimum beam size s (with zero dispersion)

• maximize luminosity
§ Large σ, beam size in “low beta quadrupoles”
§ Other facilities also have longitudinal bunch 

compressors (this afternoon)

Horizontal Vertical

low-beta insertion

FODO

low-beta insertion

matching

quadrupoles dipoles

Missing dipole dispersion suppressor


